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INFINITELY MANY SOLUTIONS OF
NONLINEAR ELLIPTIC EQUATIONS
WITH CRITICAL SOBOLEV EXPONENT
(SHOICHIRO TAKAKUWA)
1. INTRODUCTION
$(M,g)$ $n$ compact Riemann $n\geq 3$
(1.1) $L_{g}u$ $:=\kappa\Delta_{g}u+Ru=\lambda|u|^{2^{*}-2}u$ in $M$ .
$\kappa=\frac{4(n-1)}{n-2}$ $2^{*}= \frac{2n}{n-2}$
$\Delta_{g},$ $R$ $(M, g)$ Laplacian, scalar curvature o
$L_{g}$ $(M,g)$ conformal Laplacian o
(1.1) Yamabe [Y] $u$ $\lambda$
(1.1) Riemann $g$ $u^{2^{*}-2}g$ constant $SC2a1x$ curvature
(1.1)
$Y(u)=E(u)/\Vert u||_{2^{*}}^{2}$ for $u\not\equiv 0$ ,
$E(u)= \int_{M}(\kappa|\nabla u|^{2}+Ru^{2})dV$ , $\Vert u\Vert_{2}\cdot=(\int_{M}|u|^{2^{*}}dV)^{1/2^{*}}$ .
$u,$ $\eta\in C^{2}(M),$ $u\not\equiv O$
$\frac{d}{dt}Y(u+t\eta)|_{t=0}=\frac{2}{||u\Vert_{2^{*}}^{2}}\int_{M}(L_{g}u-\frac{E(u)}{||u||_{2}^{2_{*}}}|u|^{2^{*}-2}u)\eta dV$ ,
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$\lambda(M)=\inf\{Y(u)|u\in C^{2}(M), u\not\equiv 0\}$ ,
$\lambda(M)$ Yamabe invariant Yamabe
$(M,g)$ $\lambda(M)$ \mbox{\boldmath $\tau$} Trudinger [Tr]
Aubin [A], Schoen [S1] $Y$ positive minimizer
Schoen [S3] $Y$ ( minimizer )positive critical
point $C^{2}$ Y non-minimizing solution
$S^{n}$ $S^{1}\cross S^{n-1}$
$Y$ ( )non-minimizing critical point
$M$ 2
compact 3 $Y$ critical point
critical point Sobolev $H^{1}(M)$
Schoen [S3]
4 Euclid $\mathbb{R}^{n}$ Dirichlet
2. COMPACTNESS THEOREM
$H^{1}(M)=H^{1,2}(M)$ Sobolev $Y$ Hilbert $H^{1}(M)\backslash \{0\}$
$C^{2}$ $Y$ compact
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2.1. $Y$ $P$ ais-Smale
$\{u_{j}\}\subset H^{1}(M)\backslash \{0\}$
(PS) $\{Y(u_{j})\}$ $Y’(u_{j})arrow 0$ in $H^{-1}(M)$
$\{u_{j}\}$ $H^{1}(M)$
imbedding $H^{1}(M)arrow L^{2^{*}}(M)$ compact $Y$ Palais-Smale




$G$ $(M,g)$ isometry compact Lie o $H^{1}(M)$ $G-$
$X_{G}$
$X_{G}=\{u\in H^{1}(M)|u(gx)=u(x) \forall g\in G, a.e.x\in M\}$ ,
$X_{G}$ $H^{1}(M)$ $X_{G}$
$Y$ $X_{G}$ $Y|X_{G}\backslash \{0\}$ compact
22. ([Ta2]) $G$
(G1) $x\in M$ $x$ orbit $G(x)=\{gx|g\in G\}$
(1) imbedding $X_{G}arrow L^{2}(M)$ compact o
(2) $Y$ $Xc$ $Y|X_{G}\backslash \{0\}$ : $X_{G}\backslash \{0\}arrow \mathbb{R}$ Palais-Smale
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3 EXISTENCE THEOREM
$G\subset Isom(M)$ (G1) compact Lie 2.2 Ambrosetti-
Rabinowitz mountain-pass theorem o
3.1. ([AR], [R])
$(M,g)$ scalar $R$ $G$ (G1)
(G2) $\dim X_{G}=+\infty$ ,
$Y|X_{G}\backslash \{0\}$ critical point $\{u_{j}\}\subset X_{G}\backslash \{0\}$ $Y(u_{j})arrow$
$\infty$ as $jarrow\infty$
Palais synmetric criticality principle [P] 3.1 $u_{j}$ $Y$ critical
point $u_{j}$
$L_{g}u=\lambda_{j}|u|^{2^{*}-2}u$ in $M$ where $\lambda_{j}=E(u_{j})/\Vert u_{j}||_{2}^{2}$: ,
Trudinger [Tr] $u_{j}$ $C^{2}$
3.2. ([Ta2])
$(M,g)$ scalar $n$ compact Riemann $n\geq 3$ o
$G\subset Isom(M)$ (G1), (G2) compact Lie $C^{2}$
$\{\prime u_{j}\}70$ (1)$-(3)$
(1) $u_{j}$ $\lambda_{j}=E(u_{j})/||u_{j}\Vert_{2}^{2}$: (1.1)
(2) $u_{j}$ $G-$
(3) $Y(u_{j})arrow\infty$ as $jarrow\infty$ .
(4) $u_{0}$ $X_{G}$ $Y$
3.3.
(1) (G2) $G$ (transitive)
(G2) $G$
(2) $u_{0}$ Riemann $u_{0}^{4/(n-2)}g$ Yamabe
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3.4. $M$ Isom$(M)=O(n+1)$ $G=O(k_{1})\cross$
$\cross O(k_{m}),$ $k_{1},$ $\cdots,$ $k_{m}$ 2 $k_{1}+\cdots+k_{m}=n+1$ $G$ (G1),
(G2) 3.2 $G-$ $Y$ critical point
$m=2$ Ding ([D1) \mbox{\boldmath $\tau$} Obata ([O])
$Y$ positive critical point minimlzer 3.2
non-constant critical point o
3.5. $M=S^{1}(T)\cross S^{n-1}\subset \mathbb{R}^{2}\cross \mathbb{R}^{n}=\mathbb{R}^{n+2}(T>0)$,
$G=\{A=$
.
$(\begin{array}{ll}I_{2} OO B\end{array})|B\in O(n)\}\cong O(n)$ ,
$G$ (G1), (G2) $Y$ critical point Schoen [S2]
Gidas-Ni-Nirenberg [GNN], [CGS] $Y$ positive critical point
$G-$ ‘ Schoen (1.1) $t\in S^{1}(T)$
parameter $T$ $Y$ positive
critical point
$G’=\{A=(\begin{array}{ll}B OO I_{n}\end{array})|B\in SO(2)\}\cong SO(2)\cong S^{1}$ ,
(G1), (G2) 3.2 $G^{\iota_{-}}$ critical point
o Schoen mlnimlzer $u_{0}$ ( ) critical point
Schoen [S3]
3.6. $(M,g)$ compact Riemann
$g$ A
$Y$ critical point $u$ $\Vert u\Vert_{C^{2}}\leq\Lambda$ , $\min_{M}u\geq\Lambda$ .
3.7 $\{u_{i}\}$ 3.2 critical point $j$ $u_{j}$
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4. BOUNDARY VALUE PROBLEM
$\Omega$ $\mathbb{R}^{n}(n\geq 3)$
II. $u$ $\lambda$
(4.1) $\{\begin{array}{l}-\Delta u=\lambda|u|^{2-2}uin\Omega u=0on\partial\Omega\end{array}$
Sobolev $H_{0^{1}}(\Omega)\backslash \{0\}$ $F$
$F(u)= \int_{\Omega}|\nabla u|^{2}dx/(\int_{\Omega}|u|^{2}dx)^{2/2^{*}}$ .
$u$ $F$ critical point $u$
$-\Delta u=l(u)|u|^{2-2}u$ ,
1 $l(u)=\Vert\nabla u\Vert_{2}^{2}/\Vert u\Vert_{2}^{2_{*}}$
II $F$ critical point
$G\subset O(n)$ compact Lie $\Omega$ $G$
$X_{G}=$ { $u\in H_{0}^{1}(\Omega)|u(gx)=u(x)$ $\forall g\in G$ , a.e. $x\in M$ },
4.1. ([Ta2])





(3) $\Vert u_{j}\Vert_{H_{0}^{1}}arrow\infty$ as $jarrow\infty$ .
42.
(1) (G2)





compact Lie $G\subset O(n)$ (G1) $u\in C^{\infty}(\overline{\Omega})\cap X_{G}$




(1) $S$ imbedding $H_{0^{1}}rightarrow L^{2^{*}}$ Sobolev best constant
$F$ $S^{-1}$ Y Pohozaev [Po]
$\Omega$ $F$ minimizer
4.3 $u$ non-minimizing positive critical point
(2) $u$ Bahri-Coron [BC]
(4.1)
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